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ABSTRACT
W ith the further scaling of silicon MOSFETs becoming increasingly harder, the searchfor an alternative material became crucial. The electron device community found manyof the answers in two dimensional materials, especially graphene. With an astounding
mobility and perfectly symmetrical bandstructure, graphene may be, just the replacement for
silicon we have been looking for. In this report, the mechanism of tunneling in a graphene-
insulator-graphene (GIG) junction has been studied, by applying Bardeen’s transfer Hamiltonian
approach. Later, the formalism of the GIG junction has been used to study the performance and
current-voltage characteristics of a symmetric tunneling field effect transistor or SymFET. The
device exhibits a small tunneling current at most of the biasing voltages. But when the Dirac
points of the oppositely doped graphene layers are aligned, a large amount of tunneling current
is observed. The performance of the device has been studied for various device dimensions. The
resonant current peak is also shown to increase for higher levels of doping. The extraordinary
symmetry of the I−V characteristics makes SymFET a potential candidate for high speed analog
devices. The SymFET is also shown to be robust to temperature changes, since tunneling is the
main mechanism of charge transport. With further study and modifications, the SymFET can
become a popular choice for both analog and digital circuit implementation.
v
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1
INTRODUCTION
Graphene is a thin two dimensional sheet of crystalline carbon, only a few atoms thickand was first reported by Novoselov et al. in 2004. It shows novel properties like veryhigh mobility, exceeding those of commonly used semiconductor materials, and perfect
two dimensional confinement. This has earned graphene the mantle of a "supermaterial" and it
is often considered as the best candidate for the post-silicon electronic technologies.
One of the most fascinating properties of graphene is its perfectly symmetric bandstructure
with the valence and conductance bands mirroring each other. The conical shaped valence band
minimas touch the conduction band at Dirac point. In undoped graphene, the Fermi energy lies
exactly on the Dirac points and the Fermi surface consists of the Dirac points. Thus, graphene
can be called a zero-gap semi-metal (since it has sufficient conductivity even in ultracold regime)
and opening a finite bandgap in graphene is a big challenge.
Until 2009, most of the research on graphene exploited only the 2D nature of the newly
proposed supermaterial. In 2009, Banerjee et al. proposed out of plane charge transport in
a bilayer pseudo-spin FET (BiSFET). BiSFET exhibited the property of charge conduction
between two graphene monolayers, by varying the tunnel resistance between them by the
property of excitonic condensation. The excitonic condensation of graphene can also occur at room
temperature. If one layer of graphene populated with electrons is brought in close proximity
to another layer of graphene populated with holes, then the Coulomb interaction between the
layers causes excitonic condensation. This leads to a significant tunneling current between the
monolayers. The BiSFETs are considered as superior candidates for digital logic circuits because
of their low power dissipation.
In this report, we will theoretically examine the properties of tunneling across a graphene-
insulator-graphene (GIG) tunnel junction. We will examine the case, when one of the sheets is
1
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doped n-type and the other is doped p-type. Then we shall study the current voltage relationship
in such devices and extrapolate them to the formation of a symmetric tunneling FET (SymFET).
The symmetric resonant peaks of the SymFET make it an extremely good candidate for high
speed analog electronics and can be used to implement digital logic, just like BiSFET. They are
also very fast (since they conduct by tunneling) and are pretty robust to temperature fluctuations,
but have relatively poor ON-OFF ratio. The device exhibits a small tunneling current at most of
the biasing values, when energy and momentum are conserved only for a single energy level, lying
midway between the Fermi levels. But, if the Dirac points of the graphene sheets are properly
aligned, a very large amount of tunneling current flows through the device, as momentum and
energy are conserved for all energy values between the Fermi levels of the two layers of graphene.
But before we delve into the details about tunneling in a typical GIG structure and SymFET,
we will like to add a small prelude on some of the important properties of graphene and why it is
considered to be a rising star among other materials, in the electronics manufacturing industry.
1.1 Present day scenario of electronic devices
Till date, metal oxide semiconductor field effect transistor (MOSFET) is the most used and
versatile electronic device used for both digital and radio frequency (RF) applications. To achieve
the goal of higher functionality and more powerful devices, we have been on the quest of miniatur-
izing our transistors and increasing the degree of circuit integration for the past many decades.
The trend of doubling the capacity of circuit integration every 1.5−2 years has continued for the
past 50 years, following the predictions given by Gordon Moore, the co-founder of Intel. However.
since approximately 2010, it has become evident that scaling of MOSFET devices will no longer
be possible, beyond a certain limit. As we decrease the channel length to get faster devices and
achieve higher packing density, non-linear effects start creeping into the MOSFET devices and
leakage power increases. Since the scaling is likely to reach its fundamental limit in not so far a
future, an alternative to silicon (Si) technology has become a global demand.
1.2 Exciting properties of graphene
While the electron-devices community were fighting to combat the effects of non-linear short
channel effects, it was noticed that two dimensional (2D) materials don’t show short channel
non-linear effects even if the transport channel length is too small. Therefore, these materials are
a good choice as an alternative of Si. Graphene is a very interesting 2D material which possesses
many beneficial properties.
The physical structure of graphene is like a honeycomb lattice. The structure is completely
planar, i.e., 2D. The distance between carbon atoms is 1.42 Å. The three sp2 hybridized orbitals,
which are symmetrically distributed (at angles of 120 degree), form three sigma-bonds with those
of the three nearest carbon atoms. The strength of the sigma-bonds makes graphene one of the
2
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strongest materials. The orbitals of the remaining pz electrons are distributed perpendicular to
the molecular plane and they form what is known as the pi-bonds with those of one of the three
nearest carbon atoms. These bonds can have two different orientations and hence the graphene
structure can be viewed as two interpenetrating triangular sub lattices A and B with two atoms
per unit cell.
FIGURE 1.1. (a) Bravais lattice of the graphene, (b) σ and pi bonds in graphene and (c)
graphene pi− and pi∗−band structure.
Graphene has zero band gap due to inversion symmetry in its physical planar structure. The
meeting points of the valence and conduction bands are known as the Dirac point. Graphene has
a linear dispersion relation, at least near the Dirac points. Such dispersion relation is an attribute
of zero mass particles like the photons. It is thus reminiscent of the fact that the electrons in
graphene behave like massless Dirac fermions moving with an effective velocity of light equal to
the Fermi velocity. The energy band is exactly symmetric about the null kinetic energy point ,
and this condition is met only at the two Dirac points, it follows that for exactly half filling of the
band the density of state at the Fermi level is exactly zero. But in the absence of doping graphene
has exactly one electron per "spin" per atom (2 per unit cell), so taking spin into account the band
is indeed exactly half filled. Thus, undoped graphene is a perfect semimetal!
In contrast to the step-like density of states exhibited by 2D electron gas, graphene shows a
linear density of states, although it is a 2D material. Due to the massless nature and velocity
comparable to that of light (0.3% the velocity of light in vacuum), electron motion in graphene
is governed by the relativistic Dirac like equation instead of the non-relativistic Schrödinger
equation. While Dirac equation has a four-component spinor wave function that accounts for
the two spin states of electron (particle) and positron (antiparticle), the Dirac-like equation for
graphene has two-component pseudo-spinor wave function that determines the relative electron
3
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FIGURE 1.2. Band structure near the Fermi level of graphene. (A) 2D schematic dia-
gram, (B) 3D schematic diagram and (C) Dirac cone of K and K’, which correspond
to the Fermi level of (B).
population on the two lattice sites A and B. The spinor in the latter case has nothing to do with
electron spin and hence is usually referred to as the pseudo spinor state.
One of the distinctive features of graphene is the absence of back scattering as in carbon
nanotube. It turns out that the carrier mobility in graphene is astoundingly high. Measured
values show that it could be as high as 2.3×105 cm2V−1s−1. But such high mobility is possible only
for pristine samples where care has been taken to minimize the scattering centers, so that carrier
transport is entirely ballistic. In most of the practical samples however, the carrier transport
is strongly limited by scattering from extrinsic sources, thus making the transport diffusive.
The charged impurities on the graphene surface as well as in the graphene-substrate interface,
and the interfacial and substrate phonons constitute the external sources of scattering. These
scattering centers limit the carrier mobility drastically to values ranging from 10000 cm2V−1s−1
(CVD graphene transferred to SiO and epitaxial graphene on SiC) to 15000 cm2V−1s−1 (exfoliated
graphene on SiO) under ambient condition.
Carrier velocity is also an important transport parameter. For low source to drain field, the
velocity first linearly increases with increase in electric field as long as the transport is dominated
by the elastic scattering processes discussed above. But at higher electric field the inelastic
optical phonon scattering increases and the velocity saturates. Nonetheless, under the most ideal
condition the carrier velocity in graphene may approach as high as the Fermi velocity (106 ms−1).
The high mobility and high velocity in graphene are particularly attractive for high frequency
circuits (both digital and analog). Thus in principle, graphene should be a potential candidate for
4
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the FET industry.
Concomitant to the large mobility, graphene conductivity is also high and is observed to be
better than that of Cu. With a most conservative estimate, the conductivity of graphene, at a
carrier density of 1012 m−2 is arrived at 9.6×105 Ω−1cm−1 as against a value of 6×105 Ω−1cm−1
for Cu. But the more interesting part is the conductivity modulation with gate bias. Surprisingly
the conductivity never goes to zero even at zero gate bias when the carrier density goes to zero. It
is now well understood that graphene transport near the Dirac points at low carrier density is
dominated by a random distribution of carrier inhomogeneity referred to as "electron and hole
puddles". Even at the zero gate voltage, these puddles cannot vanish all at a time. Therefore,
although the average carrier density goes to zero, some electron and hole puddles still remain. As
a result, the conductivity never goes to zero.
It is edifying to note that the same graphene sample could be p-type or n-type depending on
the gate bias applied. This implies that the carriers could be continuously tuned from electron to
hole and vice versa by adjusting the applied gate bias. Such electric field induced carrier type as
well as carrier density modulation shall offer a great deal of flexibility to the device designers to
conceive a p-n junction, without physically doping the material.
1.3 Graphene FETs
With the discovery of graphene, researchers were very hopeful that it would be a potential
candidate to replace silicon. But very soon graphene tumbled into difficulty. Being gapless,
graphene does not allow the FET to switch off resulting in a high leakage current and prohibitive
energy dissipation. Several attempts to induce bandgap in graphene include cutting the graphene
into nanoribbons, surface functionalization, subjecting bi-layer graphene to electric field, etc.
These attempts nonetheless, have resulted in bandgaps of few hundred meV only whereas
practically to make graphene suitable for digital logic devices, it requires a bandgap on the order
of an eV at room temperature. Most researchers tried to change the bandgap in graphene to
make it more suitable for application in logic circuits, but the outcome of these efforts resulted in
degradation of graphene properties like the mobility, which was the prime attraction. Although a
density functional theory calculation predicts that a bandgap of 1.2 eV can be induced in graphene
through surface functionalization, the experimental observation is contrary to the prediction.
The absence of required bandgap makes it difficult to achieve suitable on-off switching ratio for
low power dissipation.
Alternative graphene transistor architecture by Britnell et al. based on quantum tunneling
from a graphene electrode through thin insulating barrier layers of hexagonal boron nitride (hBN)
and molybdenum disulfide, reported room-temperature high switching ratios. Such graphene
FETs have shown potential for high-frequency operation and large-scale integration. The switch-
ing ratio can be enhanced with optimized architecture and has opened a new area of research to
5
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explore the prospects of field effect tunneling transistors for possible applications in graphene
nanoelectronics.
At present one of the most influential graphene FET architectures that provide high on-off
switching ratio was proposed by Zhao et al. and is known as the Graphene Symmetric FET or
SymFET. It is a vertical tunnel field effect transistor which uses an insulator layer sandwiched
between two graphene monolayers. The device works on the principle of GIG tunneling. We will
discuss the theory of GIG structure and SymFET in details in the next chapters.
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MATHEMATICAL FORMALISMS
2.1 Bardeen transfer Hamiltonian
In this section we will review the Bardeen transfer Hamiltonian approach (the same Bardeenwho was awarded the Nobel Prize for the invention of transistors) given by J. Bardeen in1960. Let us consider the system shown in Fig. 2.1. Here the barrier extends from xa to xb
along the x axis. There is metal a to the left of xa and metal b to the right of xb. We can consider
two many-particle states of the entire metal-barrier-metal system: ψ0 and ψmn. ψmn differs from
ψ0 in the transfer of an electron from state m in metal a to state n in metal b. This leaves a hole
in m in ψmn. We must note that, the states ψ0 and ψmn can be specified by their quasi-particle
occupation numbers in a and b.
FIGURE 2.1. Energy profile of a simple metal-barrier-metal system.
The quasi-particles do not correspond to plane waves, but to waves which are reflected at the
barrier and attenuate exponentially inside the barrier. By WKB approximation, the wavefunction
7
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can be expressed as:
(2.1a) ψm =Cp−1/2x ei(py y+pzz) sin
(
pxx+φ
)
for x< xa (in metal a)
(2.1b) ψm = 12C|px|
−1/2ei(py y+pzz)×exp
(
−
∫ x
xa
|px|dx
)
for xa < x< xb (in barrier)
where C =
√
2px
L is the normalization constant and in the barrier region |px| =
√
2µU − p2y− p2z ,
where U (x) is the potential energy. To get a good solution for x> xb, we assume that ψm smoothly
drops to zero beyond xb.
Thus, let ψ0 be the solution of the Schrödinger equation with energy W0 to the left of x= xb.
Similarly, let ψmn with energy Wmn be the solution to the left of xa, where wavefunction ψn
smoothly drops to zero. However, in the barrier both ψ0 and ψmn are applicable. So, the time
dependent solution can be expressed as the linear combination of both the wavefunctions ψ0 and
ψmn:
(2.2) ψ= a (t)ψ0e−iW0 t+
∑
m,n
bmn (t)ψmne−iWmn t
If we solve this wavefunction ψ, by substituting it in the Schrödinger equation, we get the
transformation matrix elements as:
(2.3) Mmn =
∫
ψ∗0 (H−Wmn)ψmndτ
Since, ψmn is the solution for x< xa, the integrand becomes zero to the right of xa and it reduces
to:
(2.4) Mmn =
∫
x<xa
ψ∗0 (H−Wmn)ψmndτ
Similarly, we can note that the expression ψmn (H−W0)ψ∗0 is zero to the left of xb. So, subtracting
it from the integrand of Eq. 2.4 is a valid operation and it gives us:
(2.5) Mmn =
∫
x<xa
{(
ψ∗0Hψmn−ψmnHψ∗0
)+ (ψmnW0ψ∗0 −ψ∗0Wmnψmn)}dτ
We are interested in the final states, where Wmn ≈W0. S, the transformation matrix element
reduces to the more symmetric form, as given by:
(2.6) Mmn =
∫
x<xa
(
ψ∗0Hψmn−ψmnHψ∗0
)
dτ
The transition probability of electron from one side to the other is given by the expression
(2pi/~) |M|2ρ f where M is the matrix element and ρ f is the energy density of final states.
8
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2.2 Graphene insulator graphene junctions
In this section, we shall deal with the formalisms of tunneling in a graphene insulator graphene
(GIG) junction. Let us assume that the left hand electrode is n-doped and the electrode on the
right is p-doped. The Fermi level of the left hand electrode is given by µL =EDL+∆EL, where
the subscript L denotes the properties of left hand electrode. Similarly, the Fermi level of the
right hand electrode is given by µR = EDR −∆ER . EDL and EDR are the Dirac points of the
respective electrodes. If we apply a bias voltage V between the electrodes, we get µL−µR = eV .
For simplicity, let us assume ∆EL =∆ER =∆E > 0.
FIGURE 2.2. Band diagram for a doped GIG junction where the Dirac points are in
perfect alignment.
If eV 6= 2∆E, then, momentum is conserved only for a single energy level, midway between
the Dirac points of the electrodes. Intuitively, we can see that the circumference of the level at
which momentum is conserved varies linearly with the voltage applied externally, and this gives
a linear I−V characteristic. On the contrary, if eV = 2∆E, then k conservation holds across all
energy levels and a large amount of current flows between the electrodes. This resonant state is
the condition we are most interested in.
2.2.1 Tunneling formalism
Using Bardeen’s approach, the tunneling current is given upto first order as (detailed proof in
Appendix A):
(2.7) I = gS gV e
∑
α,β
{
1
ταβ
fL (Eα)
[
1− fR
(
Eβ
)]− 1
τβα
fR
(
Eβ
)
[1− fL (Eα)]
}
9
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where α and β stand for states in left and right electrodes simultaneously, Eα and Eβ are the
energies of the electrodes, gS = 2 is the spin degeneracy, gV is the valley degeneracy, 1/τα,β and
1/τα,β are the tunneling rates from left to right and right to left simultaneously, and fL and fR
are the Fermi factors for the electrodes, where
(2.8) fL/R (E)=
1
1+exp[(E−µL/R) /kBT]
The tunneling rates 1/τα,β and 1/τα,β are equal as:
(2.9)
1
ταβ
= 2pi
~
|Mαβ|2δ
(
Eα−Eβ
)= 1
τβα
where
(2.10) Mαβ = ~
2
2m
∫ (
ψ∗α
dψβ
dz
−ψβ
dψ∗α
dz
)
dS
which we directly get from Eq. 2.6, is the transition matrix element, where ψα (r, z) and ψβ (r, z)
are the wavefunctions of the left and right electrodes.
Now, for the next step, let us consider two graphene atoms in a unit cell. The wavevector can
be expressed as the superposition of the orthogonal basis elements φ jk of each atom, such that:
(2.11) ψ (r, z)= χ1 (k)φ1k (r, z)+χ2 (k)φ2k (r, z)
If A is the area of the electrode, then φ jk (r, z) = exp(ik ·r)u jk (r, z) /
p
A , where u jk (r, z) is a
periodic function. Thus, the states in the left electrode can be expressed as:
ψα = χ1,α (k)φ1k,α (r, z)+χ2,α (kα)φ2k,α (r, z)
= 1p
A
eikα·r
[
χ1,α (k)u1k,α (r, z)+χ2,α (k)u2k,α (r, z)
](2.12)
Using Eq. 2.12, the expression involving u1k,α (r, z) of ψα (r, z) and u1k,α (r, z) of ψβ (r, z) in Mαβ,
as given in Eq. 2.10, we get:
∫
e−ikα·r× eikβ·r
[
u∗1k,α
du1k,β
dz
−u1k,β
du∗1k,α
dz
]
dS
≈ 2κe
−κd
D
u211
∫
ei(kβ−kα)·rdS
(2.13)
where u211 is a constant of order unity and 2κe
−κd/D gives the regular tunneling expression in
the z direction, where d is the separation between the electrodes, κ is the decay constant of the
10
2.2. GRAPHENE INSULATOR GRAPHENE JUNCTIONS
wavefunctions in the barrier/insulator and D is a normalization constant. The expression u jk (r, z)
is a very weak function of the radial parameter r, the radial dependence has been approximated
into numerical vales, to get to the expression in Eq. 2.13.
FIGURE 2.3. Visual depiction of the constants ui j for i ∈ {1,2} and j ∈ {1,2}.
Similarly, we will get constants u22, u12 and u21 for the rest of the three cases. By symmetry
of the underlying structure we conclude that u11 = u22. Also, the constants received from the
cross terms will be equal, i.e., u12 = u21. The values of χ1 (k) and χ2 (k) for graphene, using
nearest-neighbour tightbinding approximation, are given by:
(2.14)
[
χ1
χ2
]
= 1p
2
[
e∓iθk/2
se±iθk/2
]
where θk is the angle of the relative wavevector, s=+1 for conduction band and s=−1 for valence
band. For, rotationally misaligned electrodes, we find the matrix elements to be
(2.15) Mαβ = ~
2κ
2AmD
e−κd gω (θL−θR)
∫
dSeiQ·rei(kβ−kα)·r
where
gω (θL−θR)= u211
(
ei(θL∓θ
′
R)/2+ sLsR e−i(θL∓θ
′
R)/2
)
+u212
(
sR ei(θL±θ
′
R)/2+ sLe−i(θL∓θ
′
R)/2
)(2.16)
where θ′R = θR +ω and θ′L = θL+ω, for ω= 2sin−1 (3aQ/8pi). Q is the vector difference between
the extremas of respective electrodes. For non-zero value of Q the values of ui j constants will
11
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change, but that will not cause any significant difference. If proper alignment is done, then Q= 0.
Considering proper alignment for simplicity, we get:
(2.17) Mαβ = ~
2κ
2AmD
e−κd g0 (θL−θR)
∫
dSei(kβ−kα)·r
It is interesting to note that in the limiting case of A→∞ the integral becomes the delta function
δ
(
kα−kβ
)
. Let us define the quantity:
(2.18) Λ (∆k)≡
∣∣ 1
A
∫
dSei∆k·r
∣∣2
where ∆k=kβ−kα. For A→∞, Λ (∆k) becomes a delta function.
Setting, the value of valley degeneracy equal to 2 for graphene and substituting the value of
the tunneling rates and Mαβ in Eq. 2.7 we get:
(2.19) I = 8pie
~
( ~2κ
2mD
e−κd
)2∑
B
∑
kα,kβ
|g0 (θL,θR)|2
[
fL
(
Ek,α
)− fR (Ek,β)]δ(Ek,α−Ek,β)Λ (∆k)
here the summation over B represent the different zones of the band alignments, marked I, II
and III in Fig. 2.4.
FIGURE 2.4. Band diagram of a doped GIG junction, highlighting the different zones of
band alignments I, II and III. Here eV > 2∆E.
From the figure we can write down, in zone I, Ek,α = EDL + ~vFkα and Ek,β = EDR +
~vFkβ, where vF is the Fermi velocity. So, Ek,α−Ek,β =EDL−EDR +~vF
(
kα−kβ
)= eV −2∆E+
~vF
(
kα−kβ
)
. We define V ′ = eV −2∆E, such that kβ = kα+ eV ′/~vF . We get the same results in
zone III. However in zone II, kβ = e|V ′|/~vF − kα. In the limit of large area, Λ (∆k) becomes a
delta function and |g0 (θL,θR) | is replaced by |g0 (θk,θk) | = 2u212 isinθk.
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2.2.2 Tunneling current for large graphene sheets
For A→∞, Λ (∆k)= δ(kβ−kα)= δkα,kβ . The current is given by the expression:
I = 8pie
~
( ~2κ
2mD
e−κd
)2∑
B
∑
kα,kβ
|g0 (θL,θR)|2
[
fL
(
Ek,α
)− fR (Ek,β)]δ (e|V |−2~vFk)
= 8pie
~
( ~2κ
2mD
e−κd
)2
×4u412
∑
B,k
sin2θk
[
fL
(
Ek,α
)− fR (Ek,β)]δ (e|V |−2~vFk)
= 8pie
~
( ~2κ
2mD
e−κd
)2 A
2pi
×2u412
∫ kmax
0
kdk
[
fL
(
Ek,α
)− fR (Ek,β)]δ (e|V |−2~vFk)
= 8pie
~
( ~2κ
2mD
e−κd
)2 A
pi
×u412
∫ e|V |/2~vF
0
kdk
[
fL
(
Ek,α
)− fR (Ek,β)]δ (e|V |−2~vFk)
= 8pie
~
( ~2κ
2mD
e−κd
)2 A
pi
×u412×
1
2~vF
× eV
2~vF
= e
2A
2~
(
~κu212e
−κd
mDvF
)2
V
(2.20)
This is the expression for the current at zero temperature, when the graphene is undoped. it
must be noted, that the current I is a linear function of the voltage V . So, the I−V characteristic
will be a straight line. The band diagram for the undoped graphene sheet is given in Fig. 2.5.
FIGURE 2.5. Band diagram of an undoped graphene.
Now, let us consider that the graphene is doped. For non resonant cases, it will be similar
to undoped graphene, and the expression δ
(
Ek,α−Ek,β
)
can be replaced by δ (eV −2∆E+~vFk).
Thus, the expression for current at zero temperature becomes
(2.21) I = e
2A
2~
(
~κu212e
−κd
mDvF
)2 (
2∆E
e
−V
)
13
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for 0< eV < 2∆E. Similarly, for eV > 2∆E, the current is
(2.22) I = e
2A
2~
(
~κu212e
−κd
mDvF
)2 (
V − 2∆E
e
)
Eq. 2.21 and 2.22 are for tunneling between like valleys. For tunneling between unlike valleys,
u12 will be replaced by u11.
For eV = 2∆E, i.e. the resonant case, δ(Ek,α−Ek,β)= δ (0). This expression being undefined,
is a hindrance to calculation the expression for current seamlessly for the resonant case. However,
we can calculate the expression for current for a finite graphene sheet with comparative ease,
and it has been discussed in the next section.
2.2.3 Tunneling current for finite graphene sheets
By considering finite and symmetrical graphene sheets extending from −L/2 to L/2 along both
the x and y axes and A = L2, we get:
Λ (∆k)=
∣∣∣ 1
A
∫ L/2
−L/2
dx
∫ L/2
−L/2
dyei∆k·r
∣∣∣2
=
∣∣∣sinc(L∆kx
2
)
sinc
(L∆ky
2
)∣∣∣2(2.23)
where sinc(x)≡ sin(x) /x.The expression is maximum for kα =kβ. Substituting this value ofΛ (∆k)
in the expression for the current does not allow us to evaluate the integral conveniently. So, we
replace Λ (∆k) with another function Λ˜ (∆k) which also has its maximum value at kα =kβ and is
given by:
Λ˜ (∆k)= exp
(
−A|∆k|
2
4pi
)
= exp
(
−A∆k
2
x
4pi
)
exp
(
−
A∆k2y
4pi
)(2.24)
Now, by expressing |∆k|2 = k2α+k2β−2kαkβ cosθ, where θ = θL−θR , the angular part of the integral
is expressed as:
∫ 2pi
0
dθL
∫ 2pi
0
dθR |g0 (θL,θR)|2Λ (∆k)= exp
{
− A
4pi
(
k2α+k2β
)}∫ 2pi
0
dθL∫ 2pi
0
dθR |g0 (θL,θR)|2 exp
(
A
2pi
kαkβ cosθ
)(2.25)
Now, substitute
∫ 2pi
0 dθL
∫ 2pi
0 dθR |g0 (θL,θR)|2 = 8pi2
[(
u411+u412
)
I0
(
Akαkβ/2pi
)±u411I2 (Akαkβ/2pi)]
in Eq. 2.25, where In is a modified Bessel function of first kind of order n. In the resonant case,
14
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δ
(
Ek,α−Ek,β
)= δ(~vFkα−~vFkβ)= δ(kα−kβ) /~vF . Also, taking this into account, the expres-
sion for the current can be rewritten as:
I = 32pie
~
( ~2κ
2mD
e−κd
)2 A2
(2pi)2~vF
∫
k2dk
[
fL
(
Ek,α
)− fR (Ek,β)]
×exp
(
−Ak
2
2pi
)[(
u411+u412
)
I0
(
Ak2
2pi
)
+u411I2
(
Ak2
2pi
)](2.26)
Simplifying this expression and substituting the values of the Bessel functions we get the
expression for the current in the resonant condition as:
(2.27) I = 0.8e
2Ap
2pi~
(~κe−κd
mDvF
)2 L∆E2 (2u411+u412)
e~vF
exp
{
− A
4pi
[
eV −2∆E
~vF
]2}
The prominent Gaussian nature of the tunneling current is an interesting property to be noted.
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SYMMETRIC TUNNELING FIELD EFFECT TRANSISTOR
Symmetric Tunneling Field Effect Transistor (SymFET) is essentially a GIG junction FETas shown in Fig. 3.1. Two graphene layers sandwich a layer of an insulator. The gatesare created on top of the graphene layers. Ohmic contacts are created with the graphene
layers and the source (S) and drain (Drain) of the device. The graphene layer connected with the
source is n-type and the graphene layer connected with the drain is p-type. The top and bottom
gate voltages VTG and VBG modulate the Fermi occupancy level µn and µp in the top and bottom
layers of graphene and are symmetric, i.e., VTG =−VBG .
Under source-drain bias, when the n-graphene Dirac point is misaligned with the Dirac point
FIGURE 3.1. The SymFET device biasing circuit.
17
CHAPTER 3. SYMMETRIC TUNNELING FIELD EFFECT TRANSISTOR
FIGURE 3.2. Band diagram for a doped GIG junction with qVDS > 2∆E. Only a small
current flows for the k-circle, midway between µL and µR , for which energy and
momentum conservation holds.
of the p-graphene layer, energy and momentum conservation holds only for the value of the
wavevector midway between the Fermi levels. Thus, only a small amount of current flows. In
Fig. 3.2 we can see the situation, when qVDS > 2∆E. Only a small current flows for the k-circle,
midway between µL and µR , for which energy and momentum conservation holds. From Eq. 2.21
and 2.22 we get the I −V characteristics for V < 2∆E/e and V > 2∆E/e, as shown in Fig. 3.3.
When the Dirac points of both n and p type graphene are aligned, i.e., V = 2∆E/e energy and
momentum values are conserved throughout the entire region between the two Fermi levels.
Thus a large amount of current flows and the expression δ
(
Ek,α−Ek,β
)
becomes δ (0) and blows
up, as can be seen in Fig. 3.3.
FIGURE 3.3. A qualitative I−V characteristic of the SymFET.
A part of the applied voltage will fall across the graphene channels. The effect of finite density
18
of states (DOS) is considered within the quantum capacitance of graphene. For the limiting case
of temperature tending to 0 K, we take the quantum capacitance as:
(3.1) Cq = 2|∆E|
pi (~vF /q)2
We can also use this for room temperatures, without much errors.
Let φch1 and φch2 be the channel potentials of the graphene layers. By applying charge
neutrality. we get the following equations:
(3.2a)
(
φch1
q
+VTG
)
Cg+
(
φch1
q
− φch2
q
)
Ct+
(
φch1
q
− µn
q
) Cq
2
+ qN = 0
(3.2b)
(
φch2
q
+VBG
)
Cg+
(
φch2
q
− φch1
q
)
Ct+
(
φch2
q
− µp
q
) Cq
2
− qN = 0
where the gate capacitance Cg = ²g/tg, tunnel capacitance Ct = ²t/tt and N =∆E2doping/pi (~vF )2 is
the doping concentration. We also assume the work functions of the metals match with undoped
graphene for flatband condition at zero bias.
From, the band structure we can also write down the following relations:
(3.3a) qVDS =µn−µp
(3.3b) qVDS = 2∆E+φch1−φch2
(3.3c) ∆E =µn−φch1 =φch2−µp
by subtracting Eq. 3.2b from Eq. A.1 and using relations in 3.3, we get:
(3.4)
(
VDS−
2∆E
q
+2VG
)
Cg+2
(
VDS−
2∆E
q
)
Ct− 2q∆E
2
pi (~vF )2
+2qN = 0
By solving this one gets
∆E (VG ,VDS)=−
(
2Ct+Cg
)
pi (~vF /q)2
2
+
{(2Ct+Cg)2pi2 (~vF /q)4
4
+ pi (~vF )
2
2q
[
(VDS+2VG)Cg+2CtVDS+2qN
]}1/2(3.5)
By substituting G1 =
(
e2A/2~
)(
~κu212e
−κd/mDvF
)2, we can rewrite Eq. 2.21 and 2.22 for
non-resonant tunneling as:
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(3.6) I =G1
(
VDS−
2∆E
q
)
sgn
(
VDS−
2∆E
q
)
where sgn(VDS−2∆E/q) is +1 for VDS > 2∆E/q, 0 for VDS = 2∆E/q and −1 for VDS < 2∆E/q.
Similarly, the resonant tunneling current takes the form:
(3.7) I = 1.6p
2pi
G1
L∆E2
(
2u411+u412
)
u412e~vF
exp
{
− A
4pi
[
eVDS−2∆E
~vF
]2}
Until now, we have only considered the current for zero temperature approximations. For
finite temperatures, the expression from Eq. 2.20 becomes
I =G1
4~2v2F
q
∫ +∞
0
k
[
f
(
En,k−µn,T
)− f (Ep,k−µp,T)]δ (2∆E− qVDS−2~vFk)dk
=G1
(
2∆E
q
−VDS
)
[ f (−qVDS/2,T)− f (qVDS/2,T)]
=G1
(
2∆E
q
−VDS
)
tanh
(
qVDS
4kBT
)(3.8)
for qVDS < 2∆E. Similarly, we can do this for qVDS > 2∆E. Thus, at finite temperature Eq. 3.9
becomes:
(3.9) I =G1
(
VDS−
2∆E
q
)
sgn
(
VDS−
2∆E
q
)
tanh
(
qVDS
4kBT
)
This gives us the finite temperature correction for non-resonant current. For the resonant case,
i.e., when qVDS = 2∆E, we first note down the number of states for energy Ed and temperature T
(3.10) Ns (T)=
∫ +∞
−∞
ρ (E−Ed) [ f (E−Ed−∆E,T)− f (E−Ed+∆E,T)]dE
where ρ (E)= 2|E|/pi (~vF )2 is the DOS per unit area. With Ns (0)= 2∆E2/pi (~vF )2, we incorporate
the effect of finite temperature in the resonant case, by multiplying Eq. 2.27 with Ns (T) /Ns (0).
In terms of the Fermi-Dirac integralsF we have
(3.11)
Ns (T)
Ns (0)
= 2(kBT)
2
∆E2
[
F
(
∆E
kBT
)
−F
(
∆E
kBT
)]
where,
(3.12) F (x)=
∫ ∞
0
t
1+exp(t− x)dt
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Eq. 2.21 and 2.22 were derived for A→∞, and are valid for only large L. It is found that
multiplying them with tanh(LqVDS/pi~vF ) gives a satisfactory result. Again, in the product of Eq.
3.7 and 3.11, we see that there is non zero current at VDS = 0 for samll values of L. This problem
can be handled by multiplying the resonant current with the factor tanh(LqVDS/2pi~vF ). Now,
we can write the complete expression for the tunnel current as:
I =G1
(
VDS−
2∆E
q
)
sgn
(
VDS−
2∆E
q
)
tanh
(
qVDS
4kBT
)
tanh
(
LqVDS
pi~vF
)
+ 1.6p
2pi
G1
L∆E2
(
2u411+u412
)
u412e~vF
exp
[
− A
4pi
(
eV −2∆E
~vF
)2]
× Ns (T)
Ns (0)
tanh
(
LqVDS
2pi~vF
)(3.13)
Another thing that will be interesting to see, will be the ON-OFF ratio for the SymFET. If the
peak current is ION and the current at VDS ≈ 0 is IOFF then
(3.14)
ION
IOFF
= 0.8p
2pi
L∆E
~vF
.
We shall study how the I−V characteristics and properties like the ON-OFF ratio change
with different parameters of the device, in the next chapter.
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SYMFET DEVICE CHARACTERISTICS
The physics behind the SymFET device has been discussed in details and the currentvoltage relationships have been derived in the previous chapters. In the previous chapter,the final expression for the current was shown to be:
I =G1
(
VDS−
2∆E
q
)
sgn
(
VDS−
2∆E
q
)
tanh
(
qVDS
4kBT
)
tanh
(
LqVDS
pi~vF
)
+ 1.6p
2pi
G1
L∆E2
(
2u411+u412
)
u412e~vF
exp
[
− A
4pi
(
eV −2∆E
~vF
)2]
× Ns (T)
Ns (0)
tanh
(
LqVDS
2pi~vF
)(4.1)
where the first expression comes from the treatment of the current at non-resonant conditions
and the second term comes from the consideration of the resonant case. We have calculated
the I−V characteristics of the device for room temperature (T = 300 K). We have set the decay
constant κ= 17 nm−1 and the chemical doping level ∆E = 0.1 eV. The relative permittivity (²r) of
the insulator material, between the graphene layers has been taken to be 9. The thickness of the
gate is tg = 20 nm and the thickness of the tunneling portion is tt = 0.5 nm. The Fermi velocity
vF is equal to 9×105 ms−1. The coherent length of the device is set to be L= 100 nm.
4.1 Variation of current with drain-source voltage
The I−V characteristic of a SymFET with the afore mentioned parameters has been studied. It
is important to note that, the current density of the device is a much more useful parameter to
analyse its performance and characteristics and thus, the current has been converted to current
density and expressed in the units µAµm−1. The I−V characteristic of the device is shown in Fig.
4.1. The variation of the characteristics with variation in the gate voltage is noted. An increase
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FIGURE 4.1. I vs VDS characteristics for different values of VG .
in the gate voltage increases the amount of tunneling current flowing through the device, and
the resonant peak becomes sharper. Also, the value of the drain-source voltage VDS for which
resonance occurs increases, with increase in gate voltage.
It is also interesting to note the variation of the Fermi level of graphene with applied drain-
source voltage. The plot between ∆E and VDS for VG = 2 V is shown in Fig. 4.2. The relation
between ∆E and VDS is shown to be fairly linear in the range of voltage we are interested in.
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0
0.1
0.2
0.3
0.4
0.5
0.6
VDS (V)

E
(e
V
)
FIGURE 4.2. Dependence of ∆E on VDS at VG = 2 V.
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FIGURE 4.3. I vs VG characteristics for different values of VDS.
4.2 Variation of current with drain-source voltage
The transfer characteristic of the SymFET is shown in Fig. 4.3. As the drain-source voltage VDS is
increased, the peak becomes higher, sharper and more prominent. Also the value of gate voltage
for which the current peaks shifts to the right.
4.3 Variation of device characteristics with device dimensions
One of the most important properties of any electronic device is its physical dimension. We
are always looking for higher degrees of circuit integration and so we are always interested
in studying the performance of the device at lower dimensions. Other properties like leakage
current and power dissipation are also direct functions of the dimensions of any device. Here, we
will study how the I−V characteristics of the SymFET change when its dimensions, particularly
the coherence length L, the thickness of the tunneling insulator layer tt and the gate thickness
tg, are varied, and VG is constant at 3 V.
4.3.1 Variation in the coherent length
The coherent length L (size of ordered area in graphene film) is the most important device
dimensional parameter in our calculations. We have assumed A = L2. Thus, the current density
obtained from the device and properties like density of integration and heat dissipation are strong
functions of the coherent length. The variation of the current-voltage relationships with varying
coherent length has been shown in Fig. 4.4. Clearly the current capacity of the SymFET increases
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with an increase in coherent length. Also, the peaks become more well defined and symmetrical
(a much wanted property) for higher values of L.
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FIGURE 4.4. Variation in the I−V characteristics with different coherent length L.
4.3.1.1 Dependence of on-off ratio on coherent length
One of the biggest drawbacks of graphene devices, that have prevented their wide use in main-
stream circuit manufacturing industry, is their much lower ON-OFF ratio compared to present
day MOSFET devices. In Fig. 4.5 we see the variation of the ON-OFF ratio as a function of
the length. We can clearly see the linear dependence, as expected from Eq. 3.14. Thus, the
deterioration of device performance in lower dimensions is evident.
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FIGURE 4.5. Variation in the ON-OFF ratio with change in coherent length L.
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FIGURE 4.6. Variation in the I−V characteristics with different ttunnel .
4.3.2 Variation in the thickness of tunneling insulator
The thickness of the tunneling insulator is another important parameter governing the perfor-
mance of the SymFET. Not, only does it contribute to the tunnel capacitance Ct, but also strongly
contributes to the amount of tunneling current, due to the exponential decay of the wavefunction
in the barrier, given by the expression exp(−κd), where κ is the decay constant in the barrier. In
our calculations, d = tt and thus, even a small increase in the thickness of the insulator in the
tunneling zone, causes a major drop in the resonant current peak. The variation of the tunneling
current peak with changing thickness of the tunneling insulator is shown in Fig. 4.6.
4.3.3 Variation in the thickness of gate insulator
Another important dimensional parameter of the SymFET is the gate thickness. The variation
of the gate thickness changes the I −V characteristics of the device, as shown in Fig. 4.7. As
expected, the resonant current peak becomes higher and sharper with a decrease in the thickness
of the gate insulator layer. Also, the value of VDS for which the current peaks increases with a
decrease in tgate.
4.4 Variation of device characteristics with variation in
temperature
The variation of the device characteristics with change in temperature is given in Fig. 4.8. It can
be seen that the SymFET is robust against temperature changes and there is negligible change
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FIGURE 4.7. Variation in the I−V characteristics with different tgate.
or deterioration in the device performance due to temperature changes. The main reason behind
the temperature insensitivity is that the charge transport is SymFET is governed by quantum
tunneling.
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FIGURE 4.8. Variation in the I−V characteristics with change in temperature.
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4.5 Variation of device characteristics with doping energy
Fig. 4.9 shows the variation in I−V characteristics with doping energy. If the doping is increased,
the resonant current peak increases. Also, the value of drain-source biasing at which the resonant
current peaks increases.
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FIGURE 4.9. Variation in the I−V characteristics with change in doping energy.
Fig. 4.10 shows the variation in ON-OFF ratio with doping energy. The ON-OFF ratio of the
device slightly increases if the doping levels are higher
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FIGURE 4.10. Variation in the ON-OFF ratio with change in doping energy.
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4.6 Variation of device characteristics with permittivity of
dielectric
Fig. 4.11 shows the variation in the I −V characteristics of the SymFET with variation in
permittivity of the dielectric material used. A greater resonant peak current is observed for
insulators with greater permittivity.
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FIGURE 4.11. Variation in the I −V characteristics with change in permittivity of
insulator.
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CONCLUSION
In this report, we briefly looked into the shortcomings of present day silicon metal oxide semi-conductor field effect transistor or MOSFET devices and why graphene can be consideredfor the post-silicon era. Though many of the basic principles underlying the super properties
of graphene have been know for about half a century, scientists started considering the use of two
dimensional graphene sheets in electronic-device design, only in the past decade. In this report,
we have shown the interlayer tunneling mechanism in a basic graphene-insulator-graphene (GIG)
structure. Bardeen’s transfer Hamiltonian approach has been used to derive the current-voltage
relationships in such a device. The device allows only a small amount of tunneling current at
most biasing voltages. But when the Dirac points of the to graphene layers are aligned, a large
amount of current flows in the device, giving a symmetrical I−V characteristic.
Later, we use the formalism of tunneling in a GIG structure, to look into the working of a
symmetric tunneling field effect transistor or SymFET. The SymFET proves to be very robust to
temperature changes. The highly symmetrical resonant current peak, makes SymFET a good
potential candidate for high speed analog and digital devices. The resonant current peak can be
controlled by chemical doping and applying a gate bias. The resonant current peak increases
with higher level of doping. If the gate bias is increased, the resonant peak becomes higher and
sharper. Also, the value of the drain-source voltage for which the current peaks increases with
increase in gate bias voltage. The characteristics of the device for varying device dimensions
have been studied. Increasing the coherent length, increases the resonant current in the device,
and the peak also becomes sharper. The tunneling current decreases exponentially with an
increase in the thickness of the tunneling insulator, as one might expect. It happens due to the
exponential attenuation of the wavefunction in the potential barrier between the graphene sheets.
The tunneling current is also a strong function of the thickness of the gate insulator. The peak
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current falls with an increase in the thickness, but the decreases in peak current is much less
pronounced in this case. Also, the value of drain-source voltage for which the tunneling current
peaks decreases with an increase in the gate insulator thickness. From our investigations, e also
see that, insulators with greater permittivity result in higher resonant peak current. Another
interesting thing to note is that the ON-OFF ratio of the device. Decreasing the coherent length
decreases the ON-OFF ratio, in a linear fashion. However, the ON-OFF ratio slightly increases, if
the doping levels are increased. One of the main drawbacks of the SymFET, when compared to
the MOSFET, is its small ON-OFF ratio.
Due to its ultrahigh mobility and symmetric bandstructures, such devices have many potential
applications. The resonant peak behavior can be exploited to develop digital switching devices
with much lower power consumption. We believe that we have only started to scratch at the
surface of possibilities provided by graphene electronic devices. The field is still in its nascent
phase and graphene may become the "supermaterial" to replace silicon in the future.
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In this section, we shall derive Eq. 2.7 given in Chapter 2, using Bardeen’s transfer Hamil-tonian approach. Let us consider the system shown in Fig. 2.1, where the barrier extendsfrom xa to xb along the x axis. There is metal a to the left of xa and metal b to the right
of xb. We can consider two many-particle states of the entire metal-barrier-metal system: ψ0
and ψmn. ψmn differs from ψ0 in the transfer of an electron from state m in metal a to state n
in metal b. This leaves a hole in m in ψmn. We must note that, the states ψ0 and ψmn can be
specified by their quasi-particle occupation numbers in a and b.
Let ψ0 be the solution of the Schrödinger equation with energy W0 to the left of x = xb.
Similarly, let ψmn with energy Wmn be the solution to the left of xa, where wavefunction ψn
smoothly drops to zero. However, in the barrier both ψ0 and ψmn are applicable. So, the time
dependent solution can be expressed as the linear combination of both the wavefunctions ψ0 and
ψmn:
(A.1) ψ= a (t)ψ0e−iW0 t+
∑
m,n
bmn (t)ψmne−iWmn t
We have already seen upto this in Chap. 2.
With this in mind, we shall proceed to derive the expression for the tunneling current. The
Schrödinger equation in region a is given by:
(A.2) Haψ=− ~
2
2m
∇2ψ (r)+Va (r)ψ (r)
and in region b is:
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(A.3) Hbψ=−
~2
2m
∇2ψ (r)+Vb (r)ψ (r)
Now, we can write the general wavefunction in the form:
(A.4) ψ=ψe−iεt+∑
k
ak (t)φk
where Haψ= εψ and φk are the bound states of Hb, with Hbφk =Ekφk. We know that ak (0−)= 0,
i.e., ak (t) is zero just before tunneling occurs, and we need to approximate ak (t) for t> 0.
Next, if we put Eq. A.4 in the Schrödinger equation, we get (in units where ~= 1):
i
∂ψ (r)
∂t
=H
(
ψe−iεt
)
+∑
k
ak (t)Hφk
= e−iεt (Ha+ (H−Ha))ψ+
∑
k
ak (t) (Hb+ (H−Hb))φk
= e−iεtεψ+ e−iεt (H−Ha)ψ+
∑
k
ak (t)
(
Ekφk+ (H−Hb)φk
)(A.5)
By differentiating ψ (r) w.r.t. time, we also get:
(A.6)
∂ψ (r)
∂t
=−iεe−iεtψ+∑
k
d
dt
ak (t)φk
From Eq. A.5 and A.6, we get:
i
∑
k
d
dt
ak (t)φk =e−iεt (H−Ha)ψ+
∑
k
ak (t)
(
Ekφk+ (H−Hb)φk
)
(A.7)
Using the orthogonality property of φk we get:
(A.8) i
d
dt
a j (t)= e−iεt〈φ j|H−Ha|ψ〉+E ja j (t)+
∑
k
ak (t)〈φ j|H−Hb|φk〉
Assuming ak (t) remains very small for a little while, even after t> 0, we get:
(A.9) i
d
dt
a j (t)= e−iεt〈φ j|H−Ha|ψ〉+E ja j (t)
With initial condition a j (0)= 0, we get the solution of the differential equation as:
a j (t)= e
−iεt− e−iE j t
ε−E j
〈φ j|H−Ha|ψ〉
∴ |a j (t)|2 =
4sin2
(
E j−ε
2 t
)
(
E j−ε
)2 |〈φ j|H−Ha|ψ〉|2
(A.10)
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Now, |〈φ j|ψ (t)〉|2 are the transition probabilities and
(A.11) 〈φ j|ψ (t)〉 = e−iεt〈φ j|ψ〉+a j (t)
If 〈φ j|ψ〉 is very small relative to a j (t), we get:
(A.12a) Transition probability≈ |a j (t)|2 =
4sin2
(
E j−ε
2 t
)
(
E j−ε
)2 |〈φ j|H−Ha|ψ〉|2
∴Total tunneling rate= d
dt
∑
k
|ak (t)|2
= 4 d
dt
∑
k
sin2
(
E j−ε
2 t
)
(
E j−ε
)2 |〈φk|H−Ha|ψ〉|2
(A.12b)
The sum in Eq. A.12b can be approximated by Fermi’s Golden Rule since there are many φk
states in region b. But it is only applicable at times t large enough that the DOS per unit energy
is nearly constant. Thus, the sum on the RHS of Eq. A.12b can be rewritten as:
(A.13)
∑
k
Pt (Ek−ε)M2
(
φk,ψ
)
where M2
(
φk,ψ
)= |〈φk|H−Ha|ψ〉|2 and Pt (x)= sin2 (xt/2) /x2.
The function Pt (x) is positive and its integral w.r.t. x is equal to pit/2. But the main contribution
to this integral comes from the interval −4pi/t < x < 4pi/t. When t is large enough the energy
interval −4pi/t<E < 4pi/t becomes very narrow and the energy levels Ek in region b appear to be
distributed with a constant energy over the energy interval. Let, ϕb (ε) be the DOS at ε, i.e., the
number of states per unit energy near ε in region b. Letting Nε be the number of energy states in
b with energies in the interval −4pi/t+ε<Ek < 4pi/t+ε and setting
(A.14) M2
(
ψ
)= 1
Nε
∑
k:|Ek−ε|<4pi/t
M2
(
φk,ψ
)
we approximate Eq. A.13 as follows:
∑
k
Pt (Ek−ε)M2
(
φk,ψ
)≈ ∑
k:|Ek−ε|<4pi/t
Pt (Ek−ε)M2
(
φk,ψ
)
≈M2 (ψ) ∑
k:|Ek−ε|<4pi/t
Pt (Ek−ε)Nε
≈M2 (ψ)ϕb (ε)∫ 4pi/t
−4pi/t
Pt (E)dE
≈M2 (ψ)ϕb (ε)∫ +∞
−∞
Pt (E)dE
≈M2 (ψ)ϕb (ε) pit2
(A.15)
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∴ d
dt
∑
k
|ak (t)|2 ≈
d
dt
(
2pitM2
(
ψ
)
ϕb (ε)
)
= 2piM2 (ψ)ϕb (ε)(A.16)
Formula Eq. A.16 would be the rate at which electrons in the state ψ, in region a, are
transferred into states in region b, if all of those states were vacant and available to receive
electrons. Due to Pauli’s exclusion principle, the DOS ϕb (ε) needs to be multiplied by the fraction
of unoccupied states in region b with energies near ε.
Therefore, tunneling rate from ψ to states φk in region b is:
(A.17) 2piM2
(
ψ
)
ϕb (ε)
(
1− fb
(
ε′
))
, for |ε′−ε| < 4pi/t
The rate at which an electron in some state in region b transports itself into state ψ is:
(A.18) 2piM2
(
ψ
)
ϕb (ε) fb
(
ε′
)
, for |ε′−ε| < 4pi/t
To find the net current we need to know which state in region a are occupied and which are
vacant. Occupied states contribute to a current of electrons from region a to region b at a rate
given in Eq. A.17 and vacant states enable electrons to flow from region b to region a at a a rate
given in Eq. A.18.
The current from a to b is the net rate of electron flow from region a to region b, multiplied
by the charge of electron.
(A.19) ∴ Iab = 2pie
∑
n
[
fa (εn)
(
1− fb
(
ε′n
))− (1− fa (εn)) fb (ε′n)]M2 (ψn)ϕb (εn) , for |ε′−ε| < 4pi/t
where Haψn = εnψn and
(A.20) M2
(
ψn
)
ϕb (εn)=
∑
k:|Ek−ε|<4pi/t
|〈φk|H−Ha|ψn〉|2
such that
(A.21) 〈φk|H−Ha|ψn〉 =
∫
[V (r)−Va (r)]φ∗k (r)ψn (r)dr
We choose any smooth surface in the barrier region that separates a and b. Let ∂T denote
this separation and T denote the region consisting of all points on the same side of ∂T as the
region b. The operator (H−Hb) is the zero operator on the b side of the separation surface. Now,
let us shift from the unit ~= 1 to ~= ~.
36
∴ 0=
∫
T
ψn (r) (H−Hb)φ∗j (r)dr
=− ~
2
2m
∫
T
ψn (r)∇2φ∗j (r)dr+
∫
T
V (r)ψn (r)φ∗j (r)dr−E j
∫
T
ψn (r)φ∗j (r)dr
(A.22)
On the other hand, in the same side (H−Ha) is a non-zero operator.
∴ 〈φ j|H−Ha|ψn〉 =
∫
T
φ∗j (r) (H−Ha)ψn (r)dr
=− ~
2
2m
∫
T
φ∗j (r)∇2ψn (r)dr+
∫
T
V (r)φ∗j (r)ψn (r)dr−εn
∫
T
φ∗j (r)ψn (r)dr
(A.23)
Adding Eq. A.22 and A.23, we get:
∴ 〈φ j|H−Ha|ψn〉 =
∫
T
φ∗j (r)
(
− ~
2
2m
∇2ψn (r)−εnψn (r)
)
dr
−
∫
T
ψn (r)
(
− ~
2
2m
∇2φ∗j (r)−E jφ∗j (r)
)
dr
(A.24)
To obtain the tunneling current by Fermi’s Golden Rule, we only consider matrix elements for
which εn and E j are approximately equal.
∴ 〈φ j|E−Ea|ψn〉 ≈− ~
2
2m
∫
T
∇·
[
φ∗j (r)∇ψn (r)−ψn (r)∇φ∗j (r)
]
dr
≈− ~
2
2m
∫
∂T
[
φ∗j (r)∇ψn (r)−ψn (r)∇φ∗j (r)
]
dSˆ
(A.25)
Thus, the tunneling current from a to b turns out to be:
Iab =
2pie
~
∑
n
∑
k:|Ek−εn|<2h/t
[ fa (εn) (1− fb (Ek))− (1− fa (εn)) fb (Ek)] |〈φk|H−Ha|ψn〉|2
= 2pie
~
∑
n
∑
k
[ fa (εn) (1− fb (Ek))− (1− fa (εn)) fb (Ek)] |〈φk|H−Ha|ψn〉|2δ (εn−Ek)
(A.26)
where
(A.27) 〈φk|H−Ha|ψn〉 =−
~2
2m
∫
∂T
[
φk∇ψ∗n−ψ∗n∇φk
]
dSˆ
For valley degeneracy gV and spin degeneracy gS, the net current will be:
(A.28) Iab = gS gV e
∑
n,k
[
1
τnk
fa (εn) (1− fb (Ek))−
1
τkn
fb (Ek) (1− fa (εn))
]
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where 1/τnk and 1/τkn are the tunneling rates for electrons. fa and fb are the Fermi occupation
factors for the regions a and b, where fa/b (E)=
{
1+exp[(E−µa/b) /kBT]}−1. The tunneling rates
are given by:
(A.29)
1
τnk
= 1
τkn
= 2pi
~
|Mnk|2δ (Ek−εn)
where
(A.30) Mnk =
~2
2m
∫
∂T
(
ψ∗n∇φk−φk∇ψ∗n
)
dSˆ
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